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Abstract 

A p1.ocediir.e for 3-0 sirrjizcc recoiisfrirctioii fi.0111 range 
duta in strict reul-time is prescritcd. The process is based on 
a conncctioiiist iiiodel, the Hierarchical Radial Basis Firnc- 
lions (HRBF) network, which hcis been proved eflkctive it1 

reconsirtiction of srnootlt, space wrying siiifices. A11 e$ 
Jcient data stiuctuiz unci localily assirnrptions allorved to 
derive a faster co~?figiiratiori algoiithnz, without degrading 
the appro.uimntion capabilifies. Resirlts show that conipitt- 
ing tirile scales linearb with the iiirnilier ofiieiii.oiis, arid it 
is conipnrable with data acqiiisition time uf most of coni- 
niercial scanners so that recoristrirction C N I J  actirall be per- 
formed in real time. 

1. Introduction 

3-D scaniicrs arc a powerful and common tool i n  the dig- 
itization of rcal objects. They usually implemcnt a two- 
step proccss: geometry sampling of the surfacc and mcsh- 
ing. Altliougli most of the systems require scvclal minutes 
or hours to get a 3-D model, few attcnipts towards rcal- 
time operation arc undcr development [ l ,  21. The procc- 
dure prcscntcd in this paper is aimed in producing 3-D sur- 
faces in strict real-time. We consider only reconstruction of 
R2 --+ R manifolds, also named 2 i p - D  surfaces; howcvcr, 
the process can be generalized to full 3-D manifolds. 

Thc problem can be formalized as follows. Given a data 
set S = { ( x i ,  yi, z;)  I 1 5 i L. N}, find an approxiniation, 
S(.), such that 

whcre 6 t h  is related to noise, and a suitablc measurc of the 
distance between sets is given. 

To solve this kind of problems, ncural networks, and Ra- 
dial Basis Functions (RBF) nctworks [3] among these, have 
shown to be a suitable tool. Thanks to the quasi-locality 
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(a) Real object (b) Geometry sampling (c) Surface reconstruction 

Figure 1. 3-D acquisition and reconstruction 
of a real object. 

of RBF neurons (usually Gaussians) and their simple net- 
work topology, efficient algorithms to configure tlic net- 
work havc been dcvcloped. Among the RBF modcls, Hi- 
erarchical RBF networks (HRBF) have proven high effec- 
tivencss [4, 51 in rcconstructing smooth, space varying sur- 
faces. HRBF nctworks arc a sclf-organizing niodcl coni- 
posed by a hicrarhical sct of RBF subnetworks, called lay- 
er.~, wliich providcs a multi-scalc reconstruction. This is re- 
alized by nicans of a rough approximation u l ( . )  and a pool 
ofliicl-;ircIiical details at dccrcasing scale: u z ( . ) !  . . . ~ C I . ~ I ( , ) ;  

tlic surfacc approximation at tlic A:-th scale, Sk(,), is given 
by al( .)  plus thc sum of the first k - 1 details: Sk(.) = 

u1(.) + ui ( . ) .  The larger is k ,  the more dctailcd is the 
reconstruction. 

Configuration of HRBF networks is bascd on a construc- 
tivc approach: cach laycr is crcatcd after the other by incor- 
porating details at smaller scales, until ( I )  is satified. The 
quasi-locality property of the Gaussian neurons and their 
regular distribution are exploited in this paper to makc the 
configuration procedure compatible with real-time, without 
dcgrading approximation capabilities. 

I n  section 2, the HRBF configuration algorithm is dc- 
scribed. Section 3 presents tlic assumptions, common to 
pratical situations, which allow to dcrivc a faster configura- 
tion procedure. In section 4, a comparison between the orig- 
inal and the fast configuration procedure is reported, while 
in scction 5 the results are discusscd. Conclusions follow in 



A. Initialization: { r o ( p , )  = .zj} (residual = height of sam- 
pled points) 
For cadi layer, 1 

B. Configuwtion: 

For each ticuron, i ,  positioned in c,, I 

ficld of the neuron, S,, I 

insert thc neuron in C>,I 

it,/ and sct to that value the weight W , J  

13. I ,  rctricval of the points vliich belong to the rcccptive 

13.2. if the residual is larger than thc measurcnicnt error, 

13.3. estimate of the surface hcight in the ticuron ccntcr, 

C. compute the output ofthc layer, ( ( 1 1 ( p , ) )  

D. computc the residual, {n(p)) = 7 ' 1 -  l ( p l )  - u r ( p , ) ]  

Figure 2. HRBF configuration algorithm. 

section 6. 

2. The HRBF configuration algorithm 

A HRBF network is cotiiposcd by a hierarchical set of 
Gaussian RBF networks, { U [ } ,  callcd Inyers, each of which 
acts at a diffcrent level of detail. The neurons of each layer, 
1, are distribuited on a regular grid, which has side Axl, 
and share the same scale parameter, c q ,  which determines 
the level of detail of that layer. Tlie collective behaviour of 
a grid can be regarded as a low-pass filter [4] and can be 
formalized as: 

I, I, Ad, 

4 7 1 )  = ~ u ~ ( ? ~ ~ = ~ ~ ; ~ ~ ~ , ~ , Y ~ l l ~ ~ - ~ i , L l l ~  OL),  ( 2 )  
1=1 L=1 i=l 

wlicrc 1, is tlic numbcr of laycrs, and A l l  is thc number of 
neurons of the 1-th laycr. The output of cnch layer, a [ ( . ) ,  
which is constitutcd of a RBI; nctwork, is a linear combinn- 
tion of the output of the Gaussian ncurons of that layer: 

Afi 

W ( P )  = C W i , l Y ( l l r ) -  ~ ~ , L I I ;  gL), P E R~ (3) 
i=l 

Each coefficient w i , ~  weights the contribution of the i-th 
Gaussian belonging to the layer 1. It can be shown [4] that 
its value is equivalent to the surface height in the point c ~ , ~ .  
Since such a value is usually not available, i t  is estimated, 
S ~ J ,  in the configuration procedure as a weighted mean of 
the points, which belong to an appropriate neighborhood of 
c i , ~ ,  S ~ J ,  called receptive field. The HRBF configuration 
procedure is schematized in fig. 2. 

Once all the weights of one layer have bccn computed, 
the output, a ~ ( . ) ,  of that layer can be evaluatcd through (3). 

The surface height, {zi}, is the input to the first layer. The 
residual for the layer 1, rl, is defined on the sampled points, 
{p i  = (xi, yi)}, as the difference between the data to be 
reconstructed and the output of the first 1 - 1 layers: 

(4) 

and i t .  Tlie residual is the input for the higher layers. 
The residual is used also to decide if a neuron has to be 

used: the neuron gi,l is inserted only if the residual T L - ~  

in si,l is larger than the measurement error, Eth. The com- 
putation of the output a~ in the data points for the residual 
requires to evaluate the distance I lpj - c i , ~  I I between each 
input data point { p j  E Et2} and the position of each neuron, 
{ c i , ~  E Et2}, of the layer (eq. (2)). Similar considerations 
apply also to the computation of the coefficients: dctermi- 
nation of the points belonging to a receptive field, Si ,[ ,  re- 
quires the evaluation of the distance of all points from the 
neuron center. 

The complexity of tlie confi uiation algorithm is there- 
fore O(Af N ) ,  where A4 = IS the number of the 
ncurons of the network, and N = IS1 is the data set cardi- 
nality. 

In the following, the regular distribution of the neurons 
of a HRBF network will be exploited to obtain a fast re- 
trieval of the data points, and reduce the complexity. 

E . ,  . 

3. Fast HRBF configuration algorithm 

Tlie need to computc tlic distnncc bctwcen all data points 
and all Gaussian centers is required by: 

the noti-zero response of the Gaussian i n  thc wliolc do- 
main, R2 (infinite support); 

tlie extraction of tlie points which lie inside tlie influ- 
cncc region and rcccptive ficld (stcps R.1 and C in fig. 
2). 

For practical applications, the support can be made fi- 
nite: the rapid decrease of tlie Gaussian towards zero makes 
its response soon negligible. Hence, a suitable neighbor- 
hood, Q ~ J ,  of the neuron center can be defined. This neigh- 
borhood is called influence region. The computation of the 
output of each neuron is confined in it. In the following, 3 0  
will be taken as radius of Q%,L,  where g(3u) is 1.24 . lop4 
times the value of the value of the Gaussian in its center. 

To avoid tlie need of computing, for each neuron, the 
distance from all tlie data points, the key idea is to arrange 
tlie data in a data structure that allows fast retrieval of those 
points, which belong to the neighborhood of a neuron. This 
is realized by partitioning the input doniain such that the 
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points inside the receptive field of every neuron can be ex- 
tracted without having to examine all data points. 

Easy partitioning cannot be obtaincd with the circular 
regions implicitly considered in the definition of Si,l and 
Q ~ , J ;  some approximations must therefore be introduced. In 
particular: 

1. The receptive field of the neurons, theoretically cir- 
cular, will be approximated by the bounding square. 
From now on, we therefore simply refer to this approx- 
imation as the “receptive field”. 

2. The length of the side of the receptive field is an even 
multiple of Ax ,  the grid spacing. More formally, the 
receptive field side is equal to 2pAx, where p E Z. 

3. The Gaussian size (and, hence, the grid side, Ax[) is 
halved at cvcry layer: ol+l = q / 2 .  

The effccts of these approximations will bc discussed in 
section 5. In the following sections, the partitioning method 
and its implcnicntation will be described in detail. 

3.1. Par t i t i on ing  scheme  

Lct ~ i , ~ , l  the center of the iieuron i n  thc (i, :j)-th grid 
crossing of the l-th layer. I t  is: 

C i + l , j , l  - C l , j , l  = Ax1 { C t , j + l J  - C t , J , i  = Ax1 

Without loosing generality, we assume that co,o.1 
(0, 0). For each layer, 1, a partition of the input space in 
regular regions R1,3, i ,  called cclls can bc obtained as: 

RL,,?,L = { (x, ?/) I iA:cl 5 O: 5 ( i  + l ) A ~ l ,  
jAx1 5 :ij 5 (,j + 1)A:i;l) 

This partition scheme ctijoys two properties: 

receptive field coverage The rcccptivc field of the i ,  j ,  1 
neuron, is: 

Si,j,l = U Rh,r;,l ( 5 )  
z-p</t<i+p- 1 
j - p < k < j + p - 1  

where 
potesis 2 in section 3. 

is an appropriate integer value as stated in hy- 

recursion The cells of a lower layer, {Rz,j,i}, arc related 
to those of the immediate higher layer as: 

The first property defines the receptive field with a single 
union operation. This property is important for the weight 
computation. The second propcrty is particularly important 
for the multi-scale computation. This allows to define the 
cells of a higher layer efficiently partitioning the cells of the 
lower layer: four cells of the higher layer constitute a single 
cell of the immediate lower layer. 

Similar considerations apply to the influence regions. In 
the following only the receptive field will be dealt with, 
since the operations for the influence region are similar. 

3.2. Implemen ta t ion  

The fast HRBF configuration procedure differs from the 
original one mainly in data pre-processing, which creates a 
data structure able to represent the partitioning, and is per- 
formed just after data collcction lias been completed before 
network configuration. 

We suppose that the points are stored in an array. Aim 
of prc-proccssing is position points, which belong to the 
satnc cell, Ri,j,~, adjacent in the array. This allows to rcpre- 
sent each cell by a pointer, qz,3,1, and a counter, ni j ,~ .  The 
pointer, yi , j , l ,  rcprescnts the first point in the array belong- 
ing to the ccll Ri,j,i, while the counter, T L ~ , ~ , L ,  counts the 
number of points which belong to that cell. The partition is 
represented as a 2D static matrix structure, If, where each 
cell corresponds to a matrix entry; thus, each matrix entry, 
fIi,j,l = ( q t , j , / ,  7~i,j,[), storcs the pointer and the counter for 
the corresponding cell. 

All the points belonging to a cell, Ri,j,l ,  can be easily 
extracted from H i , j , i :  thesc arc the T L , , ~ , ~  points inside the 
data points array starting from q i , j , l .  Since the region Si,j,l 

is obtained as thc union of cells (eq. (5 ) ) ,  the points belong- 
ing to Si,,,l cui be easily collected by nicans of successive 
acccsscs to the cclls constituting Si,j,l. This can be accom- 
plished without having to compute any distance nicasure. 

The partition for the second layer and the successive ones 
can be obtained by subdividing the partition of the previous 
layer (eq. (6)), i.e., by halving each cell along each direc- 
tion. This suggest to perform the reorganization of the data 
points array in two steps. In the first stcp the subarray of the 
cell points is rearranged such that the points which has the 
x-coordinate belonging to the first half of the cell come be- 
fore the other points. In this way, two rectangular subcells 
are formed. In the sccond step, a y-coordinates wise rear- 
rangement is applied to each subcells. The rearrangement 
of the points insidc each cell is performed as an in-place 
partial sorting through a variant of the Quicksort algorithm 
[6], in which the pivot value is the mean value ofthe vertices 
of the cell. 

The partitioning procedure is illustrated in fig. 3. 
The input data set, S ,  is used to configure the first layer, 

while the successive ones are configured through the resid- 
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$-t--t-l;; 7 points array 

layer 

Input space partitioiling 
data striiclurc 

Computing used 
time [SI neurons 
mean I std 

grid size h d  

laycr I laycr 1+1 

Figure 3. Partitioning schema implementa- 
tion. 

ual. However, the same array can be used to store the data 
used to configure all the layers. This can bc achieved by 
storing thc value of the residual, which is coincident to the 
data points in the first layer, in the array. This allows to savc 
memory, and to preserve consistency of tlic partitioning data 
structure. 

4. Results 

In ordcr to evaluate the impact of the contraints provided 
by the assumptions 1-3 in section 3 onto thc HRBF configu- 
ration task, we applied the proccdure described above to the 
surface reconstruction from noisy data and we compared tlic 
results with original HRBF configuration algorithm. 

The data set was composed by 16,851 points with an cs- 
timated measurement error of 0.5 mm. A four layers HRBF 
network was used, with an initial value of = 16 nim. 
For the fast version, the receptive field side was set equal 
to 4Ax (p  = 2), while the influence region sidc was sct to 
8Ax long. For the original algorithm, thc rcccptivc ficld 
radius was 2Ax. 

Tlic accuracy perfoniance is evaluated through tlic stan- 
dard dcviation of the rcconstruction crror, computcd as: 
cSld = std({zj - ~ ( p ~ ) } ) ;  this reaches asymptotically the 
nicasurcment error. 

The spccd pcrfomance is measured by the time required 
to compute the HRBF parameters. In the fast configuration 
algorithm, this compriscs the prc-proccssing and tlic com- 
putation of the weight time. 

Table 1. The configuration performace of the 
original HRBF. 

Table 2. The configuration performance of the 
fast HRBF. 

Preproc. Training layer 

layer grid size used 
neurons 

27x29 
53x57 2171 

105x113 5104 

Computing 
time [ms] 

551 55.5 
482 41.1 
454 44.1 t 297 48.0 

1.25 
0.779 

Computing time of tlic original algorithm was measured 
on a basc of 20 trials, while 30,000 trials werc run for the 
fast HRBF algorithm. Mean and standard deviation values 
of these measurenients arc reported in tabs. 1 and 2. 

Tlic experiments were run on a 1 GHz Pentium I11 PC 
with a 256 MB memory. The total time spent in configura- 
tion for original HRBF is of 91.7 s (with a standard dcvia- 
tion of 15.5 s), while for the fast version is of 1.78 s (with a 
standard deviation of 0.11 8 s). 

In fig. 4 the absolute value of the difference between the 
surfaces reconstructed with the original and the fast HRBF 
configuration algorithm is reported. In regions covered by 
data points, the difference is almost negligible. In fig. I C  the 
reconstruction obtained through the fast configiiration algo- 
rithm is reported. I t  is qualitatively indistinguisliablc from 
thc reconstruction obtained through the original algorithm, 
which is not reported. 

Figure 4. Differences between the two recon- 
structions. 
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Figure 5. Time spent vs. the data set size: 
“0” pre-processing phase, “ x ”  Coefficients 
computation, ‘‘A” total computation time. 

I n  order to cvaluatc tlie impact of the size of the data 
sct on the fast configuration algorithm performances, we 
made scveral trials with nine data sets of different size, Nh, 

k = 1,. . . , 9, where NI = lG, 851, and Nk = 2“‘NI. 
The number of neurons was the same iii  all cxperirncnts, as 
those reported in  tab. 1. The computing timc with rcspcct 
to the data set size is rcportcd in  fig. 5 and tlic pcrccntagc 
of computing tinic spcnt in each configuration procedure 
phase is givcn in fig. 6 . 

5.  Discussion 

The key elcnicnt of thc fast I-IRBF configuration algo- 
rithm is data prc-processing. This allows to placc the data 
i n  the input array so that tlic points insidc each cell can be 
directly addressed without any sorting proccdurc. The coni- 
puting time spent by thc fast configuration algorithm is only 
2% of the original one, as shown in tab. 2. Moreover, thc 
titnc spent in surface reconstniction with rcspcct to the num- 
bcr of points (fig. 5) comparcs wcll with the time ncccssary 
by most of thc coniincrcial scanners (e.g., [2]) to collcct a 
data set of the same cardinality. 

As shown in  Fig. 6, the overhead introduced by the pre- 
processing is negligible with respect to the total computa- 
tional time (less than lo%), espccially with very large data 
sets. 

Pre-processing for tlic first layer is the most demanding 
since the partitions have to bc created from scratch. Sincc 
the sorting proccdure swaps the data points in the array, this 
phasc costs 0(1</2N) ,  where I< is the number of cells of 
the partition of the first layer. The construction of tlie par- 
titions for the subsequent layers is based on a prc-existing 
data structure of the partition: since each point is analyzcd 

O i r  

006 

0 05 

, I -  

<..- - 

0 5 .  

n . ,  

Figure 6. Time percentage of the total compu- 
tation time spent vs. the data set size. 
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only twice, the cost of this partial sorting is O ( N ) .  
The partitioning algorithm was implemented by using a 

static matrix to represent the data of each cell. This implies 
a memory overhead, which scales as the number of cells 
and, thus, as the number of HRBF neurons: it is, hence, 
O(A4). No hrther memory space is required, thanks to 
the in-place sorting strategy (Section 3.2). A reduction in 
memory overhead can be achieved using a quad-tree data 
structure [7]. Quad-tree uses a dynamic hierarchical sub- 
division of space which allows to save memory as empty 
cells does not give rise to further subdivision. However, the 
navigation through the tree structure requires more than one 
memory access to reach the cell. In practice, this may result 
in an increase of cache-misses, because the nodes along the 
path to reach a cell may not be present in the cache at the 
same time. This slows down the whole procedure. 

Thc time reduction due to fast HRBF algorithm does not 
affect thc accuracy. Errors that might be introduced by the 
implementation choices (e.g., quantization crror [SI, the ap- 
proximations introduccd i n  section 3) do not decrcsc the re- 
construction accuracy, due to thc constructive nature of the 
configuration algorithm. The standard deviation of thc re- 
construction error for the fast and traditional configuration 
algorithms arc i n  fact almost identical as shown in  tabs. 1 
and 2. 

Computational complexity for evaluating the weight of a 
neuron is proportional to the number of points in the neigh- 
borhood of that ncuron. While passing from one layer to 
thc next higher one, the numbcr of neurons incrcases four 
times, the numbcr of points inside each cell decreases ofthc 
same factor. Moreover, the number of unused neurons, in- 
creases with the number of layers, since the residual tends 
to bc srnallcr than the nieasurenicnt cnor. Thus, thc timc 
for computing thc weights of cach layer decreases as thc 
reconstruction procccdes. 

The rcsults reported in this paper arc valid i n  thc 2D nian- 
ifold ( D  = 2). In fact, wc approximated the 2-ditnensional 
sphere of the influence region, with a 2-dinicnsional cubc. 
This approximation becomes less acceptable with increas- 
ing the diniensionality, D ,  sincc the volume of a D- 
dimensional sphcre becoincs negligible with respect to the 
volume of its bounding D-dimensional cube for increasing 
values of D. This configuration algorithm, therefore, cannot 
be extended to manifolds of higher dimensionality without 
decreasing the perfoimance both in time and accuracy. 

6. Conclusions 

structure and to decrease the computational time dramati- 
cally. Moreover, since the configuration of each neuron is 
highly indepcndent from the configuration of the other neu- 
rons, the algorithm is suitable for parallel real-time hard- 
ware implementation (e.g., on FPGA-based boards). 
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