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Abstract— In an N-bit fixed-point proces-
sor, the COordinate Rotation DIgital Com-
puter (CORDIC) algorithm usually consists
of N elementary iterations and one scaling
multiplication. For the Constant Scale Fac-
tor Algorithm, we propose a new approach
that merges the iterations with the scaling to
achieve a more regular and pipelinable struc-
ture of the processor, which is well suited for
VLSI implementation.

I. INTRODUCTION

The CORDIC algorithm is a well-known and widely-
studied iterative technique ([1] and [2]) for evaluating
many basic arithmetic operations and mathemati-
cal functions. Examples are multiplication, division,
square root, since, cosine, inverse tangent, hyperbolic
sine, hyperbolic cosine, and inverse hyperbolic tan-
gent. The results of these functions can be exploited
to generate other transcendental functions such as
tangent, hyperbolic tangent, logarithms, and expo-
nentials.

These functions are widely used in several massive-
computing applications (e.g., dynamic system mod-
eling, control, robotics, computer graphics, digital
signal processing, image processing, document pro-
cessing, imaging, simulation, and virtual reality).
Firstly, CORDIC can be exploited to realize math-
ematical co-processors having higher precision than
other approaches. In addition, several algorithms in
the above applications may be expressed in terms of
basic plane rotations.

Many papers have been published on the design
of advanced architectural structures for CORDIC
processors to enhance the performance or to reduce
the circuit complexity (e.g., see [3]- [5]). Other ap-
proaches reduce the system latency or increase the
throughput by adopting general digital-design tech-
niques, e.g., by cascading the CORDIC stages to
achieve a combinatoric structure [6] or by pipelin-
ing this cascade [7]. In [8] two families of proces-
sors, the Combined and the Pipelined CORDIC pro-
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cessors, are presented by performing more than one
CORDIC iteration in a single clock cycle or in a sin-
gle pipeline clock cycle, respectively. This provides a
varity of options to the designer who can choose the
best trade-off among circuit complexity, clock cycle
time, latencv and throughput according to the re-
quirements of the specific application.

Almost all the papers in the literature consider the
scaling multiplication of the iterations’ result by the
scale factor as an overhead of the algorithm and sep-
arate it from the iterations. This leads to an irregu-
lar structure of the processor and, as a consequence,
it may introduce some architectural problems. For
example, the separate multiplier is often under-used
with respect to the other components. Additional
problems occur when a very regular design is re-
quired to deal with fault tolerance issues; in these
cases, in fact, an array of identical modules is highly
desirable in order to allow for an easy error detec-
tion, fault localization, and reconfiguration without
requiring a separate modular redundancy approach
for the multiplier.

When only a function generator is envisioned, it
is trivial to deal with the scale factor in the case of
the Constant Scale Factor CORDIC Algorithm. The
desired function of an unknown angle 6 is in fact
generated by rotating a constant predefined vector
by the angle 8 and, then, by reading the coordinates
of the rotated vector. Instead of using the standard
initial vector (1,0), we can replace it with the con-
stant vector whose coordinates have been pre-scaled
by the given Constant Scale Factor.

In this paper, for the Constant Scale Factor Al-
gorithm, we propose a new approach that solves the
scaling problem in the general case by directly merg-
ing the CORDIC iterations with the scaling multipli-
cation. The scale factors is decomposed into multiple
factors and each of these factor is merged with one
iteration. The result generated by the application of
the modified iterations is the correctly scaled result
expected at the end of the whole traditional approach
(including the scaling multiplication). No additional
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manipulation is required. The structures that can
be derived to implement this approach have a high
regularity with respect to the traditional ones and,
as a consequence, they may be more attractive when
regularity and modularity are design issues. For ex-
ample, they may be better suited for pipelining and
fault tolerance.

Section 2 summarizes the CORDIC operation.
Section 3 analizes the numeric structure of the Con-
stant Scale Factor for the scaling multiplication and
shows the factorization technique. Section 4 exploits
this result by proposing a method to merge the scal-
ing multiplication with the CORDIC iterations: the
new algorithm is called Merged Scaling Multiplica-
tion CORDIC algorithm.

II. THE TrADITIONAL CORDIC ALGORITHM

The CORDIC algorithm is a bit-recursive implemen-
tation of the forward and backward Givens rota-
tions [2], also called rotation and vectoring, respec-
tively.

Consider the vector v in the plane zy, having a
vertex at the real coordinates £* and y*. Let z* be
the rotation angle of such a vector with respect to
the z axis. The CORDIC equations at the i-th step
are:

Tiv1 =k i(z; — mo;2-Smiy,)
Yir1 = km,i(ys + 0i2_s(m’l)xi) (1)

Zip1 = 2 — Oilim 4

where the iterations are repeated Vi, ¢ =
0,1,2,...,N — 1. The coordinate parameter m iden-
tifies the kind of coordinate system, namely, circu-
lar, linear, and hyperbolic coordinates for m equal
to 1, 0, and -1, respectively. The rotation direc-
tion o; for rotation is o; = sign(z;), while it is
o; = sign(z; - y;) for vectoring. The shift sequence
S(m,i) (i.e., the exponent of the rotation coeffi-
cient 25(™:%) i defined by S(m, i) = 0,1,2,3,4,5,- -
for m = 1, S(m,i) = 1,2,3,4,5,6,.-- for m = 0,
and S(m,i) = 1,2,3,4,4,5, -- for m = —1 (where
items equal to 3'+;‘1 are repeated twice in the
sequence). The rotation angle an; is given by
Qm,; = Vlmarctan(\/r—HQ‘s(m’i)). The scale factor
km i is required to correct the distortion introduced
by the linearized rotation in the r and y coordi-
nates; with the above assumptions, it is kpy,; =

COSQm,; = /1 +ma?2725(md), After all the iter-

ations, the total scale factor is K vasl kmi =

17 ocosam: = I—[z -0 Vi moa?2725GY (the prod-
uct starts from i = 1 for m = —1

When rotation of the vector v by the angle # must
be performed, we set zg = z*, yo = ¥*, and zy = 6;

at the end of all iterations, the vertex of the rotated
vector v’ has coordinates (zn,yn). If vectoring is
required, we set o = z*, yo = y*, and z5 = 0;
at the end of the iterations, the required angle z*
is equal to zy, while the modulus | v | is given by
zn. By setting the suited initial values of z* and y*,
we can compute the value of the trigonometric and
transcendent elementary functions.

In traditional Constant Scale Factor CORDIC, the
rotation directions are restricted to ¢; = {—1,1}. In
this case, the scale factor becomes constant with re-
spect to the rotation coeflicients, and depends only
on the word length NV and the coordinate parameter
m. A constant scale factor simplifies the correction
since it needs to be applied only once: either to the
final result or to the initial operands (as in the tra-
ditional approaches), or spread along the CORDIC
iterations (as we are pruposing in this paper).

To enhance the convergence speed of the algo-
rithm, some authors [9] [10] prefer to use also void
rotations, i.e., they consider 0 as an acceptable value
for o;. However, this implies that the final scale fac-
tor is not constant but depends on the specific se-
quence of rotations actually applied. If void rotation
steps are obtained by using micro-rotations [5], the
above total scaling factor is preserved so as correc-
tion still need to be applied only once, but the num-
ber of basic micro-iterations is twice the number of
traditional iterations (i.e., additions are doubled).

III. THE DECOMPOSITION OF THE CONSTANT
ScALE FACTOR

In a CORDIC processor having finite precision equal

to N bits, consider the product H,, (N —1) given by:
N-1 '
Hp(N-1)= [] 0+ hm 27 (2)
=0

where the coefficients h, j are in {—1,1}.

We define the H-decomposition H,,(N — 1) of the
total scale factor K, (N — 1) as the above product
when there is a set of coefficients {Am; | hm,; €
{-1,1}} so that:

1

Ko -n

- 1) 3)

in the given N-bit precision. The coefficients hm,;
of the H-decomposition are called H-factors. The
ordered sequence {hm 0, Am,1, hm,2s -y Bm N1} Of H-
factors is called the H-sequence.

Eq.3 confirms that the H-decomposition can be
used instead of the inverse of the total scale factor to
correctly scale the results generated by the CORDIC



algorithm. Stating that Eq. 3 holds for N-bit preci-
sion requires that:

1

H(N—l)———————K(N_l)

< 2-W-1) (4)

In other words, the N most significant bits of the
representation of H,, (N — 1) coincides with the N
most significant bits of the representation of scale

correction m}v—_—ﬁ

The decomposition of Eq. 2 is nét feasible for any
real number. However, we have found that this de-
composition exists for the total scale factors both
in the circular and in the hyperbolic coordinates, as
stated in the following theorem (the complete proof
is given in [11]):

Theorem 1 In the CORDIC algorithm having N -
bit precision, the H-decomposition H(N — 1) of the
total scale factor K(N — 1) for the circular and the
hyperbolic coordinates always exists in that precision.

A consequence of all the possible cases considered
in the proof of Theorem 1 is the following rule to it-
eratively build the H-sequence for any i-bit precision
in the circular coordinates. If the precision is 1 bit
then the H-sequence is {—1}. Otherwise, given the
H-sequence for the precision i — 1, the H-sequence for
H (i) in the precision 1 is generated by the first of the
following cases that satisfies the Eq. 4:

e {h; | hj € H-sequence of H(i — 1) for j =
O,...,’L' - 11ht = —1},

i | h; € H-sequence of H(i — 1) for j =
0,...,7; - Q;hi—l = 1:h’l = ——]_},

i | hj € H-sequence of H(i
Oa"'ai - 1ahl - 1}7

1) for j =

i | h; € H-sequence of H(i — 1) for j =
0yuuyi = 2;himy = =1, by = 1}

Similar results can be achieved also for the hyper-
bolic coordinates.

IV. THE MERGED SCALING MULTIPLICATION
CORDIC ALGORITHM

The CORDIC algorithm can be written in the form
of matrix multiplications representing the partial ro-
tations associated with the ATR coefficients:

TN ) _ ( COSQUmo —00SiNam ) N
YN 00 Sin am g COS Qim0

co§am,1 —01 Sinam | %o x
01 81N O 1 COS Qg1

COS Ctm, N—1 ~oN-18inQm N-1 \

ON-~18IN0m N—1 COS Qi N—1
Zo
Yo

By extracting the Constant Scale Factor in order to
obtain a simpler description in the tangent functions
only, we derive:

N 1 1 —gg tan au;, o
= —-—K X ]
YN m Op tan ty, o 1
1

—oytanam 1 %o x
o tanam 1 1
1 —ON-1tanam N-1
ON-1tanam N1 1 ) x
To
Yo

Consider first the case of the circular coordinate sys-
tem. From the definitions given in Section 2, it is
tana; ; = 27° As a consequence, we derive:

TN\ _ 1 ~0627°
UN>_KmX(0'02_O 1 )x

1 —-0'12_—1
(7'12—'1 1

1 —on_12~ (V-1 o« [ %o
on-12- "D 1 Yo

By replacing the Constant Scale Factor K, with its
factorized representation as discussed in Section 3,
we obtain:

N\ _ 1 —0p270 y
YN - 0'02—‘0 1

X e X

1 —g1271
—(N~-1) 1
(1+hn-12 ) ( 52! 1 X oo X
—1 “‘UN—lz—(N—l)
(1 +h27%) ( op_q 2= (V=1) 1

X (1 + ho270) ( Yo ) =
Yo

o 1 —-0‘02_0 x
- 0'()2_0 1
( 1+ hy_12-V=D

o127 + o hy_127N
X oo X

(14 ho279) ( ;g )

It is worth noting that the terms o;hn_i2~N con-
tribute only to accumulating error since the proces-
sor’s word length is N. Therefore, these terms can

—-0'12_'1 — G'1hN_12_N
1+ hy—2-(N=1)



be removed without introducing any additional ap-
proximation error in the evaluation of the CORDIC
result. We obtain:

) x

TN _ 1 ~—0’02_0
YN - 0'02—0 1
14 hy_12-(N-1) ~01271

) xoox

01271 1+ hy_27(N-D
14+ k270 —gn_2(N-1) «
on—12-N-1) 14+ h271

(1+ hg279) < To
Yo

The iteration equations for the Merged Scaling Mul-
tiplication CORDIC Algorithm are finally:

Tip1 = T + A2 N iz, — mo 27 S(mily,
Yir1 = ¥i + hv—i2~ iy + 0,27 50m g
Zitl1 = Zi — Oilm i

V. CONCLUSION

The merged scaling multiplication CORDIC algo-
rithm decomposes the final scale factor into each it-
eration stage. The multiplication becomes a shift (by
a predefined number of bits) and add. It is possible
to verify that the circuit complexity and the latency
of the architectures to implement this approach are
practically identical to those of the traditional ap-
proach.

The main advantage provided by this approach
with respect to the traditional architectures is the
higher regularity of the structures that can be de-
signed to implement it. In fact, now it is not neces-
sary to cascade a constant multiplier to the CORDIC
core to achieve the final adjusted result. This avoids
the irregularities in the data flow due to the use of
two different structures (namely, the CORDIC core
and the scaling multiplier). This characteristic is at-
tractive when high regularity is a mandatory require-
ment for the implementation. For example, it is very
attractive for a highly regular pipelined architecture.
When mission-critical applications are concerned, it
is useful to support efficiently the use of testing tech-
niques requiring built-in self-test components as well
as the introduction of fault tolerant techniques for
concurrent error detection and correction (e.g., data
coding, time redundancy) or for reconfiguration of
the interconnections between components.
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