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Pipelined Adders 
Luigi Dadda, Member, /€€E, and Vincenzo Piuri, Member, /€€E 

Abstract-A well-known scheme for obtaining high throughput adders is a pipeline in which each stage contains an array of half- 
adders performing a carry-save addition. This paper shows that other schemes can be designed, based on the idea of pipelining a 
serial-input adder or a ripple-carry adder. Such schemes offer a considerable savings of components while preserving high 
throughput. These schemes can be generalized by using ip, q) parallel counters to obtain pipelined adders for more than two 
numbers. 

Index Terms-Adders, high-speed adders, high-throughput adders, pipelined computation, skewed arithmetic 

1 INTRODUCTION 

DDING two binary numbers is a basic operation in any A electronic processing system: It has received much 
attention and has been solved by using several approaches 
and architectures. In particular, in the case of bit-parallel 
structures, a wide spectrum of solutions is available: from 
the simple ripple-carry to the faster schemes of carry-look- 
ahead, conditional-sum, or carry-skip adders 121, 171. The 
first approach is used when no severe constraint is imposed 
by the application on the operation latency, while the other 
solutions are usually adopted to achieve both high 
throughput and small latency. 

In special-purpose computing systems (e.g., in some signal 
and image processing applications), dedicated adders are 
often required to have high throughput while constraints on 
latency are not so severe. In such cases, it may be convenient 
to adopt architectures that are less sophisticated than carry- 
look-ahead or conditional-sum structures. Pipeliied architec- 
tures composed by stages of carry-save adders are the most 
widely [2 ] ,  171. 

In this paper, we discuss the optimum design of pipe- 
lined adders with respect to specific constraints on 
throughput. Minimization of the circuit complexity (Le., of 
the silicon area used by the integrated implementation) and 
latency are also considered by exploiting the computational 
characteristics of the pipeline granularity. 

Two approaches to the design methodology are presented. 
The first one is based on the analysis of carry propagation in 
a ripple-carry parallel adder. The second one is derived by 
unrolling the scheme that is traditionally used for bitserial 
addition. A considerable savings of components is obtained 
with respect to the traditional structure, while throughput is 
preserved. All architectural approaches are evaluated with 
respect to circuit complexity, throughput, and latency, to 
provide the basic guidelines for optimum design of pipelined 
adders: The traditional gate-count approach is used to obtain 
a high-level evaluation, independently from the specific inte- 
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gration technology. Optimization of the adder‘s features is 
then considered by exploiting the characteristics of fast add- 
ers’ schemes instead of the traditional ripple-carry adder. 

Our approaches can be generalized and applied to all 
arithmetic units in which the nominal operation can be de- 
scribed according to one of ihe two approaches discussed 
here for addition, i.e., whenever the computation may be 
defined in a serial way and unrolled, or whenever there is a 
unidirected computational wavefront in a bit-parallel arith- 
metic structure. A simple example is given by multi-operand 
adders when @, 9) parallel counters are used [l]. 

2 THE TRADITIONAL PIPELINED SCHEME FOR 
PARALLEL ADDITION 

The traditional pipelined architecture for parallel addition 
of two n-bits numbers is well known in the literature [l], 
[2], 131, [5], 161, [7]: It is based on the carry-save addition 
scheme presented in Fig. la. The arithmetic operation of 
this circuit is conveniently described by using the notation 
introduced in [l] for full- and half-adders: The corre- 
sponding arithmetic diagram is shown in Fig. 2a. Each stage 
is composed by a linear array of half adders (HA) perform- 
ing a carry-save addition (see Fig. la); adjacent stages of the 
pipeline are separated by latches (FF) .  The origin of this 
scheme can be traced down (eg., see [2], [7])  to Braun’s ar- 
ray multiplier, which is based on carry-save addition of 
successive rows in the multiplier array by using linear ar- 
rays of n full adders. 

In Figs. l a  and Za, in the case of natural operands, it is 
worth noting that the column producing S,,+~(S~) is usually 
implemented by HAS [Z], [7] instead of two-input OR gates; 
OR gates can be adopted because only a single non-zero 
carry from the preceding s, column can be generated. 
Similarly, in the case of integer operands, XOR gates are 
used instead of the OR gates. 

The structure presented in Fig. l a  produces the final sum 
in a skewed form, starting from the least significant bit. An 
array of latches must be introduced to provide a bit-parallel 
output format by deskewing the adder output: They consti- 
tute a triangular array that fills the bottom-right part of 
Fig. la. For simplicity, they are not shown in our figures. 
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Moreover, in several applicatilons, the result generated by an 
individual adder or multiplier (e.g., in inner product units) is 
used for further arithmetic computations that can be imple- 
mented more efficiently when operands are in the skewed 
form, while deskewing is performed only on the final result 
of the whole computation. 

Fig. 1 .  Pipelined adders for two binary numbers of n = 5 bits, com- 
posed by carry-save adders, with different granularity: a) g = 1, b) g = 2, 
and c) g = 5. 

In order to compare different schemes, we summarize 
here the complexity analysis of the schemes shown in 
Fig. 1. Since we are concerned with the core architecture of 
the adder, we consider neither the input latches storing the 
input operands nor the output latches holding the result. 

The circuit complexity C of the traditional architecture is 

2 n 
C = (n+l)TC,yA +(n -l)CFF, 

where C, and CFf are the colmplexities of half adders and 
latches, respectively (we neglect the OR gates which gener- 

The clock cycle zmust be long enough to execute one step 
of the pipelined addition algorithm and to store the results 
into the latches between stages; therefore, zis equal to z, + 
z,, where zHA and z, are the latencies of half adders and 
latches, respectively. The throughput F is given by F = 1/ 

The scheme of Fig. l a  achieves the maximum through- 
put for the adopted impleimentation technology. If the 

ate the most-significant bit of the product). 

throughput F imposed by the application is small enough 
so that more than one linear array of half adders can oper- 
ate within a single clock cycle, we can collapse these linear 
arrays into the same stage of the pipelined architecture. In 
other words, when gzHA + zFF I F' for a given g ranging in 
[l, n], g pipeline stages can be collapsed into only one stage, 
composed by a trapezoidal array of half adders. We call g 
the grunulurity of the pipelined architecture. 

The pipeline granularity of the solution presented in 
Fig. l a  is the minimum value (g = 1). Fig. l b  shows the case 
of two carry-save stages per pipeline stage (g = 2). Fig. IC 
shows the case of maximum granularity (g = n), i.e., the 
case of no-pipelining; this circuit is purely combinational 
and operates as a ripple-carry adder, even if it is rather un- 
conventional and highly expensive. The arithmetic dia- 
grams for these cases are given in Fig. 2b and in Fig. 2c, 
respectively. 

SO 

SO 

Fig. 2. Arithmetic diagrams of the schemes present in Fig. 1 

The circuit complexity of these architectures can be de- 
rived as in the basic structure. In case of g = 2, it is: 
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In case of n divisible by g, it is 

while in the general case, it is 

with L.1 and r.1 being the floor and the ceiling functions, 
respectively. 

The clock cycle z is  equal to g zHA + zFF; the adder's la- 
tency L is [$] z , while the throughput F is still 1/ z. 

In Fig. 6a, the circuit complexity C is shown for different 
values of the pipeline granularity g: The cases of the tradi- 
tional architectures are drawn in continuous line and are 
labelled by Tl,  T4, and Tn, for granularity g equal to 1, 4, 
and n, respectively. For the same granularities, the clock 
cycle zand the throughput F are given in Figs. 6c and 6e, 
respectively. The latency is not shown since it is simply a 
multiple of the clock cycle. The actual value of these figures 
of merit for a given n is related to the specific implementa- 
tion adopted for the basic components (half adder, full ad- 
der, latch), for which a traditional design has been consid- 
ered (see [2], [7]).  

3 ANOTHER DESIGN METHOD FOR PIPELINED 
ADDERS 

An alternative approach to derive the structure of pipelined 
adders can be obtained by analyzing the computation in a 
ripple-carry adder; Fig. 3a shows the arithmetic diagram of 
this adder. Let us partition the diagram of the addition by 
separating the columns associated with the individual bit 
weights. Consider first the section a-a, separating the bits 
having weight 2' from bits at weight 2'. The first slice 
(corresponding to the weight 2') can be pipelined to the rest 
of the scheme by delaying (through latches) both the carry 
generated by the half adder in such a slice and all the bits of 
the operands that are on the left side of section a-a (having 
weight greater than 2'). Then, we repeat this operation for 
the adjacent sections on the left side, until the slice corre- 
sponding to the weight 2" is reached. 

The complete arithmetic diagram describing this design 
method is shown in Fig. 4a: The circuit implementing this 
approach can be derived directly as shown in Fig.5a. In 
Fig. 4a, the three bits in each stage (two bits in the first one) 
are circled to mean that they are the inputs of the full adder 
associated to that stage (of the half adder in the first one). 
There is one full- or half-adder in each slice. One bit of the 
final result is generated in each pipeline stage and output 
from the corresponding slice; as in the traditional architec- 
ture, the result bits are produced in a skewed form. 

v v v v 1<v; 
Y n/// 

v v v v  

I ,  I 
.______ :\\\\: ........... - . .  
' 7  '6 '5 '4 '3 '2 '1 '0 

Fig. 3. Arithmetic diagrams for multiple-input addition. a) The arithmetic 
diagram of a iipple-carry adder for two 5-bit numbers; b) the arithmetic 
diagram of a ripple-carry adder for five 5-bit numbers composed by (7; 3). 
parallel counters, and c) the arithmetic diagram of the adder for five 5-bit 
numbers composed of a cascade of carry-save adders (which reduces 
the number of operands progressively from five to only two addends) 
and the final ripple-carry adder (which produces the final sum). 

By comparing this circuit with the scheme of Fig. 2a, re- 
duction of circuit complexity is evident: a number of adders 
have been removed, while most of the remaining half add- 
ers are replaced by full adders. 

The circuit complexity of this architecture is 
c = C, + (n -1) C, + (n2 - 1) c,, 

where C,, is the complexity of the full adder. 
To allow the correct operation of the architecture, the 

clock cycle z must be not smaller than the maximum value 
between zFAs and zFAc + z,, where zFAs and zFAc are the laten- 
cies of the sum bit and the carry bit in the full adder, re- 
spectively (usually, it is z,s < zFAc + Q. Also, for this archi- 
tecture, the throughput F is l / ~ ,  since one result is pro- 
duced at each clock cycle, while the adder's latency L is n z. 

As in Section 2, we can consider a larger pipeline granu- 
larity to reduce the latency. In the case of g = 2, we obtain the 
arithmetic diagram of Fig. 4b and the scheme of Fig. 5b. The 
first slice contains one half adder generatmg the least signifi- 
cant sum bit and one carry bit transmitted to the adjacent 
slice without latching since it belongs to the same pipeline 
stage. The full adder of the second slice generates the sum bit 
having weight 2' and the carry bit for the subsequent stage. 
Both sum bits are output. In Fig. 4b, the operands' bits above 
the horizontal line 0 are the input bits of the first linear array 
of the first stage in Fig. 5b; in Fig. 4b, bits between the hori- 
zontal lines 0 and 0 are dotted since they belong to the same 
pipeline stage of the previous section and are not latched (i.e., 
they are only "virtually" stored). The output bits generated 
by the first pipeline stage are then latched before entering the 
second stage; in Fig. 4b, bits between the horizontal lines 0 
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and 0 are filled since they are actually stored in latches. The 
same analysis can be perfcmned for the other sections in 
Fig. 4b. Dashed horizontal lines separate the operations per- 
formed within the same pipeline stage, while continuous 
lines give the boundaries between subsequent stages. 

........... 

c) 
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Fig. 4. Arithmetic diagrams of :schemes for pipelined adders based 
on pipelining the computation of a ripple-carry adder with granularity 
a) g = 1, b) g =2, c) g = 5. 

The arithmetic diagram and the circuit scheme for the 
case of maximum granularity (g = n) are given in Fig. 4c 
and in Fig. 5c, respectively; it is straightforward to note that 
the pipelined adder degenerates into a traditional ripple- 
carry adder. 

In the general case of E;ranularity g, each stage of the 
pipelined architecture contains a ripple-carry adder and a 
number of latches. The ripple-carry adder is composed of g 
full adders to generate the g least significant sum bits asso- 
ciated to such stage. The laltches are used to propagate the 
unused input bits and the inter-stage carry to the subse- 
quent stage. This approach has been adopted in prototype 
implementations for the aplplication discussed in [4]. 

/ .  

Fig. 5. Pipelined adders corresponding to the arithmetic diagrams of Fig. 4. 

The circuit complexity of this architecture is 

The clock cycle z is z = (g - 1) zFAc + max( zFAs, zFAc + qF); 
usually, it is z =  g zFAc + z,. However, the minimum value 
of the clock cycle, which allows completion of the nominal 
operations in each stage, may be smaller than the one given 
above since, in specific implementations, some operations 
in the chain generating the inter-stage carry may be per- 
formed in parallel; the value given above is therefore an 
upper bound for the actual clock cycle. 

The adder's latency L and the throughput F are given by 
the same formulas given for the case of the traditional 
pipelined architectures with granularity g (however, the 
actual values are slightly different since the new expression 
for the clock cycle must be considered). 

The circuit complexity C, the clock cycle 5 and the 
throughput F are shown in Figs. 6a, 6c, and 6e, respectively, 
for different values of the pipeline granularity g. The cases 
of the novel design schemes are drawn in thick-dashed line 
and are labelled by N1, N4, and Nn, for granularity g equal 
to 1, 4, and n, respectively. The percentage reduction of 
such figures of merit with respect to the traditional architec- 
ture having the same granularity is shown in Figs. 6b, 6d, 
and 6f, respectively. Also in this case, the latency is not 
shown since it is simply a multiple of the clock cycle. 
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Fig. 6. Evaluation of the optimized pipeline adders for different pipeline granularities g versus the number n of operand bits: a) circuit complexity 
C, b) percentage reduction of C with respect to the traditional architecture. The traditional architectures are labeled by T I ,  T4, and Tn, for the 
granularities g equal to 1, 4, and n, respectively. The architectures described in Section 3 are labeled by N1, N4. and Nn; carry-look-ahead add- 
ers of Section 5 are labeled by L1 and L4, while conditional-sum adders are identified by C1, C4, and Cn; c) clock cycle 2; d) percentage reduc- 
tion of 2; e) throughput F; f) percentage reduction of F. 
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The use of the novel appiroach is always very convenient 
with respect to the traditional one by considering the circuit 
complexity: For n > 4, the area reduction ranges from 10% 
to more than 80%. Conversely, the clock cycle and the 
throughput are worse than in the traditional case: in fact, 
half adders are used in the linear array for the traditional 
case, while they are replaced by full-adders (slower than 
half-adders) in the novel (approach. The increase of the 
clock cycle and, as a consequence, the latency ranges from 
30% to 60%, while throughput reduction ranges about from 

The same optimized structures of pipelined adders may 
be obtained by using another approach based on unrolling 
and pipelining a traditional serial-input adder. In such an 
adder (see Fig. 7), the addlends are stored into two shift 
registers: addition is performed by a single full adder, pro- 
viding a delay in the feedback loop from the carry output to 
the carry input. At each iteration, a new sum bit and a new 
carry bit are generated starting from the least significant 
ones, while addends are shifted to the right so that the cor- 
rect operands' bits are presented to the arithmetic unit. 

20% to 40%. 

weight higher than 2' are propagated to the subsequent 
stage. The final circuit coincides with the one shown in 
Fig. 5a. 

In a third approach, the circuit operation can be de- 
scribed by the following operations: First of all, addends 
are transformed in the skewed form by the vertical shift 
registers, and then they are added by a traditional ripple- 
carry adder in which carries are latched between full add- 
ers to guarantee the correct data timing. 

4 MULTIOPERAND ADDITION 
USING PARALLEL COUNTERS 

All schemes presented in the previous sections for the case 
of two-input addition are based on half and full adders. 
These may be viewed (e.g., see [l]) as parallel counters 
having two or three input bits, respectively, of the same 
arithmetic weight, and two output bits (one of which has 
the same weight of the inputs, while the other has twice 
such a weight). 

The architectures discussed above can be generalized to 
deal with the case of three or more addends. For example, 
in the case of five 5-bits addends, the arithmetic diagram 
presented in Fig. 3a for the ripple-carry parallel addition of 
two operands can be generalized as shown in Fig. 3b for 
five addends. The kth slice corresponds to the bit weight 2,; 
p, = 7 input bits are present in each slice of the same arith- 
metic weight 2, (one for each input addend plus the carries 
from the slices at arithmetic weight smaller than k). The 
number of 1s in the kth set of p, = 7 bits is a binary natural 
number which can be represented with qk = 3 bits 
(pk < 2qk); the weight of the ith bit is 2," (i = 0, 1, ..., qk). 

The number of 1s can be computed in the kth slice by 
using a (p,; q,) parallel counter. In the least significant slice 
of the adder, there are as many operands' bits as the ad- 
dends; in the example of Fig. 3b, they are five and thus we 
need a (5; 3) parallel counter. In the subsequent slices, 
higher order parallel counters are required since carries 
must taken into account. In the second slice of the example 
a (6; 3) counter is required, while a (7; 3) counter must be 
adopted for the subsequent three slices. The slices at weight 

Fig. 7. The pipelined adder for the arithmetic diagram of Fig. 4a, ob- 
tained by unrolling the computation performed by a bit-serial adder. 

Unrolling this architecture can be obtained by means of 
the following operations. First, we "photograph" the com- 
putation and the distribution of operands within the archi- 
tecture itself. In each photograph, the computation consists 
in a three-bit (two inputs <and one carry input) addition 
with carry output generatiion; addends are progressively 
reduced one bit at a time. Second, we associate an individ- 
ual digital structure to the computation performed in each 
photograph. One full adder is used in each stage as arith- 
metic unit; one storage device is used to delay the carry 
output for the subsequent stage, while two registers are 
required to store the unusled part of the addends (their 
length decreases by one bit at each stage). Third, the digital 
structures are properly cascaided to propagate the computa- 
tion and the operands as required by the algorithm. At the 
kth stage, the addends' bits ,at weight 2, are added with the 
carry input generated at stage (k - 1); all addends' bits at 

- 
higher than 2"' need smaller-order parallel counters since 
only carries must be treated. In the example, two (3; 2) and 
one ( 2; 2) parallel counters are required. The architecture 
corresponding to this arithmetic diagram is shown in Fig. 8: 
It has been derived by applying the same reasoning 
adopted for the two-operands case. 

A (p; q) parallel counter can be implemented by a net- 
work of half and full adders [7]. The use of dedicated cir- 
cuits implementing the (p; q) parallel counters instead of 
such a network may lead to an architecture with higher 
performance and lower circuit complexity. Customized 
design strategies and structures can be adopted to optimize 
the scheme of specific parallel counters; parallel counters 
with p > 3 and composite counters (compressors) have been 
recently proposed for multipliers [SI, [9]. 

A different approach to multiple-operand addition is 
based on pipelining three-operand additions, as is shown in 
Fig. 3c. In this case, each pipeline stage performs the carry- 
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save addition of three operands at most. Three of the initial 
(five in the example of Fig. 3c) operands are transformed 
into one row of sum bits and one row of carries by the first 
stage of full-adder operators, while the other initial oper- 
ands are propagated to the subsequent stage. The second 
stage considers therefore four operands. Again, a stage of 
full-adder operators transforms the stage’s operands into 
the sum bits and carry bit for the third stage, while the re- 
maining initial operand is propagated. Operands are pro- 
gressively reduced through the pipeline (one for each stage) 
to only two operands; the last stage of the adder can thus be 
implemented by using the two-operands adder of Fig. 3a. 
Higher order counters may be used, obtaining smaller la- 
tency and throughput. 

Fig. 8. A pipelined adder for five 5-bits numbers, obtained by pipelining 
the ripple-carry adder of Fig. 3b. 

PIPELINED ADDERS WITH FAST ADDERS 

In Section 3, we have showed that, when throughput is 
smaller than (z,c + zJ1, it is possible to reduce the circuit 
complexity and the latency by increasing the pipeline 
granularity g ,  i.e. by collapsing several arithmetic operators 
into the same pipeline stage. In such stages, addition over 
several bits (namely, over g bits) is performed by a ripple- 
carry adder of length g. 

To increase throughput we can reduce the clock cycle by 
replacing ripple-carry adders with faster parallel adders [2 ,7  
having smaller latency over the same number g of the op- 
erands’ bits. Circuit complexity will be obviously increased 
according to the adopted adder architecture. 

The use of fast adders may be exploited also to reduce 
the circuit complexity by increasing the pipeline granular- 
ity. In fact, for a given clock cycle, we can increase the 
number of bits that can be added during the same cycle, 
i.e., the granularity. This reduces the number of latches 
since fewer operands’ bits must be propagated through the 

pipeliie and, possibly, reduces the number of pipeline 
stages (in this last case, also the latency is decreased). 
Again, complex fast adders will require a higher circuit 
complexity. 

The optimum solution is therefore related to the specific 
application and to the actual implementation constraints, 
since circuit complexity, latency, and throughpdt are con- 
flicting characteristics that must be balanced. 

A first solution is based on the use of carry-look-ahead 
adders. In the kth stage, the carry-in signal (coming from 
the (k - 1)th stage) and all the g operands’ bits are treated 
in parallel to compute the carry-generate signals and the 
carry-propagate signals for each position from the weight 
2kg to the weight 2(k+1)g-1. The sum bits are then computed 
from these signals in the corresponding weights; the carry- 
out signal that must be delivered to the subsequent stage is 
derived from the above signals at the same time. 

The clock cycle zis greatly decreased with respect to the 
previous cases: z= zc,(g) + zFF, where z,,(g) is the latency 
of the carry-look-ahead adder of length g. Note that it is 
quite independent from the granularity g: Since only the 
carry-look-ahead circuit-a two-level combinational struc- 
ture-spans on all the g bits, its latency is loosely related to 
g by the fan-in of its gates. Also in this case, the latency L is 

, 

z , while the throughput F is 1 / z. 

The clock cycle and the throughput are shown in Figs. 6c 
and 6e; the novel design schemes with carry-look-ahead 
adders are drawn in thin-dashed line and are labelled by L1 
and L4, for granularity g equal to 1 and 4, respectively. The 
percentage reduction of these figures of merit with respect 
to the traditional architecture having the same granularity is 
shown in Figs. 6d and 6f. Even for small granularities (g 2 3), 
the clock cycle is reduced while the throughput is increased 
both with respect to the traditional solutions and to the 
novel ones with ripple-carry adders, when the number of 
operands’ bits is at least equal to the granularity. For exam- 
ple, for g = 4 and n 2 4, zis reduced by about 25% with re- 
spect to the traditional architecture and 50% with respect to 
the novel ripple-carry solution; F is increased by about 35% 
and 50%’ respectively. For g = 2, the timing performances of 
the carry-look-ahead solution are better than the ripple- 
carry approach, but are worse than the traditional struc- 
ture; for g = 1, the architecture based on carry-look-ahead 
adders is the worst. 

The circuit complexity is given by 

where Cc,(x) is the circuit complexity of the carry-look- 
ahead adder of length x, and In I is the number of oper- 
ands’ bits in the last stage. The circuit complexity is shown 
in Fig. 6a; its percentage increase with respect to the tradi- 
tional solution is given in Fig. 6b. The solutions based on 
carry-look-ahead adder and on ripple-carry adder have 
approximately the same complexity: therefore, for g > 1, the 
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first one can be effectively used to enhance the clock cycle 
and the throughput with respect to the structure based on 
ripple-carry adders. However, when the number n of the 
operands’ bits is less than four, this approach is not suited 
since the circuit complexity is higher than in the traditional 
scheme; in fact, for such values of n, the complexity in- 
crease of carry-look-ahead (circuits exceeds the complexity 
saving due to elimination of several adders of the tradi- 
tional scheme. 

A second approach is based on conditional-sum adders of 
length g in each pi eline stage. Consider the kth stage. The 
sum bit of weight 2 and the corresponding carry are gener- 
ated by a full adder from the operands’ bits at weight 2kg and 
from the carry signal produced by the (k - 1)th stage. Two 
dedicated adding circuits are used to generate all possible 
values of the sum bit at weight 2k8+’ and of the corresponding 
carries, according with the possible values (0 and 1, respec- 
tively) of the carry generated at the 2kg position; these circuits 
are full adders with a fixed value of the carry-in signal. The 
actual values of the sum and1 carry bits are selected by multi- 
plexers controlled by the actual value of the carry signal gen- 
erated at weight 2kg. Similar circuits are used also for each of 
the other bits from the weight 2k8+2 to the weight 2g+1)8-1. The 
carry bit value selected at the weight 2(k+1)8-1 is delivered at the 
subsequent stage as carry-in signal. 

The computation of the possible values of the sum bits 
and of the carry bits is performed in parallel. Selection of 
the actual values that must be delivered as final outputs is 
performed sequentially within the individual stage, from 
the least significant bit towards the most significant one of 
the conditional- SUM adder. 

The clock cycle is thus given by z =  zc,(g) + z,, where 
z,,(g) is the latency of the conditional- sum adder of length 
g. Also ‘tcs,(g) is quite independent from the pipeline 
granularity g since it is given by zc,(g) = z, + (g - 1) z,, 
where z, is the latency of ihe two-inputs multiplexer. The 
latency and the throughput are given by the same formulas 
discussed for the other cases, even if the actual values are 
different since the clock cycles are different. Also in this case, 
the clock cycle and the throughput are shown in Figs. 6c and 
6e; the examples of the novel design using conditional-sum 
adders are drawn in dotted line and are labelled by C1, C4, 
and Cn, for granularity g equal to 1,4, and n, respectively. 
The percentage reduction of these figures of merit with re- 
spect to the traditional architecture is shown in Figs. 6d and 
6f, respectively. Again, we consider the same specific im- 
plementation of the basic units (adders and latches) 
adopted in Section 3, to give typical shapes of these char- 
acteristics. 

For granularities higher than 1, zis increased with respect 
to the traditional approach imuch less than in the case of the 
ripple-carry solution. On the contrary of this last case, the 
clock cycle increase is smaller at high granularities: it tends to 
less than 10% for granularity equal to n, while it is about 60% 
in the ripple-carry case. However, z is worse in the condi- 
tional-sum adders than in the carry-look- ahead solutions 
(e.g., it is decreased by 60% for g = 4). Similarly, F is reduced 
much less than in the ripple-carry case (e.g., about 15% for g 
= 4, and less than 10% for g = n), but it is worse than the 
carry-look-ahead case (eg., it is 35% less for g = 4). 

E 

For granularity equal to 1, the traditional solution has 
better performances; neither the carry-look-ahead approach 
nor the conditional-sum adders are capable to exploit their 
intrinsic computational parallelism, while the ripple-carry 
technique uses slower adders than the traditional one. 

The circuit complexity is 

where Cc,,(x) is the circuit complexity of the conditional- 
sum adder of length x. It can be easily shown that C,,(x) = 
C, + 2(x - 1) C, + 2(x - l)C,, where C, is the circuit com- 
plexity of the two-input multiplexer. 

The circuit complexity is shown in Fig. 6a and its per- 
centage increase with respect to the traditional solution is 
given in Fig. 6b. For the considered specific implementa- 
tions of the basic units, the complexity reduction is worse 
than in the cases of ripple-carry and carry-look-ahead add- 
ers. As the scheme based on carry-look-ahead adders, also 
this approach induces a complexity increase for small value 
of n, since the advantage in the simplification of the linear 
array of adders in each pipeline stage is vanished by the 
high complexity of the conditional-sum adders. 

Even if the conditional-sum adders enhance both the 
clock cycle and the throughput with respect to the ripple- 
carry adders for g > 1, they are not as effective as the carry- 
look-ahead adders. Therefore, the use of carry-look-ahead 
adders is preferred to the conditional-sum adders. 

~ 

6 DESIGN GUIDELINES AND CONCLUDING REMARKS 

A traditional pipelined adder scheme (based on carry-save 
additions) has been first recalled in order to determine its 
complexity, throughput, and latency. A new scheme for the 
pipelined adder has been obtained by analyzing the stan- 
dard ripple-carry adder or, equivalently, the bit-serial ad- 
der; this scheme requires far fewer components than the 
traditional one. The approach has been also extended to the 
case of multi-operand pipelined adders and can be gener- 
alized to any arithmetic unit whenever computation may 
be defined in a serial way and unrolled, or whenever there 
is a unidirected computational wavefront in a bit-parallel 
arithmetic structure. 

A scheme for a given pipeline granularity has been de- 
veloped to obtain a further saving of circuit complexity by 
reducing the number of latches; this scheme uses a short 
ripple-carry adder to generate the output bits of each pipe- 
line stage. These adders can be replaced by faster schemes 
(carry-look-ahead or conditional-sum adders) allowing for 
higher throughput and smaller latency or, alternately, for 
higher granularity. 

A detailed analysis of the proposed schemes has been 
developed to provide general design guidelines. The tradi- 
tional structure has the highest circuit complexity, while the 
other solutions have approximately the same complexity 
(the novel architecture with ripple-carry adders is slightly 
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better than the others). For the granularity equal to 1, the tra- 
ditional architecture has the minimum clock cycle, the mini- 
mum latency, and the maximum throughput; for all the other 
granularities, the solution that provides complexity reduction 
at the best latency and throughput is the novel architecture 
with carry-look-ahead adders. For all architectural ap- 
proaches, we can decrease the circuit complexity by increas- 
ing the pipeline granularity with a throughput reduction. 

The use of conditional-sum adders can be discarded a 
priori since all characteristics (circuit complexity, latency, 
and throughput) are worse than the corresponding ones for 
ripple-carry or carry-look-ahead adders, at all granularities. 

The optimum choice for the pipelined-adder scheme 
must therefore consider the traditional structure, the novel 
scheme proposed in Section 3, and the modified version 
based on carry-look-ahead adders; for a given application, 
the conflicting constraints on complexity and performance 
must be carefully balanced. First of all, for the given set of 
possible constraints on circuit complexity, clock cycle (i.e., 
latency), and throughput, the designer should select the 
architectural solutions at any pipeline granularities that 
simultaneously satisfy such constraints. If no solution is 
available, it is necessary to relax at least one constraint; if 
several solutions are acceptable, a preferred figure of merit 
should be identified (according to the specific application) 
in order to complete the scheme selection. 

The actual values of the figures of merit, used to evalu- 
ate the architectural approaches, depend on the specific 
implementation of the basic units (adders and latches). 
Therefore, the choice of the optimum approach should be 
performed on these values. The analysis here presented- 
even if quite generally valid-holds exactly only for the 
specific implementation adopted. 
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